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Abstract – In this paper we present exact solutions of the Dirac equation on the non-commutative
plane in the presence of crossed electric and magnetic fields. In the standard commutative plane
such a system is known to exhibit contraction of Landau levels when the electric field approaches
a critical value. In the present case we find exact solutions in terms of the non-commutative
parameters η (momentum non-commutativity) and θ (coordinate non-commutativity) and provide
an explicit expression for the Landau levels. We show that non-commutativity preserves the
collapse of the spectrum. We provide a dual description of the system: (i) one in which at a given
electric field the magnetic field is varied and the other (ii) in which at a given magnetic field the
electric field is varied. In the former case we find that momentum non-commutativity (η) splits
the critical magnetic field into two critical fields while coordinates non-commutativity (θ) gives
rise to two additional critical points not at all present in the commutative scenario.
Introduction. – In recent years the (2 + 1) dimen-
sional Dirac equation has attracted a lot of attention be-
cause it is used to describe the motion of charge carriers
in graphene and other Dirac materials [1]. In particular,
the massless (2 + 1) dimensional Dirac equation in the
presence of a homogeneous magnetic field has many ap-
plications in graphene, for example creating bound states
[2, 3], studying quantum Hall effect [4], fractional Hall ef-
fect [5], Berry phase [4, 6] etc. An interesting phenomena
takes place when in addition to the magnetic field an uni-
form electric field (which is orthogonal to the magnetic
field) is introduced. It was shown that the spacing be-
tween different Landau levels decreases when the electric
field strength approaches a critical value [7] and finally
at the critical value the different Landau levels coalesce to
form a band. Such a phenomenon takes place in other ma-
terials as well, for example in Weyl semimetals [8]. Later
the (2+1) dimensional Dirac equation in crossed fields was
studied by a number of authors for different reasons, for
example, analyzing this system from the point of view of
coherent states [9], studying Landau levels [10], oscillation
of magnetisation [11], Weiss oscillation [12], de Haas-van
Alphen effect [13,14] etc.
On the other hand there are indications from studies
in string theory that space-time could be noncommuta-
tive [15, 16]. Subsequently a number of models e.g, the
hydrogen atom [17,18], central field problem [19], Landau
problem [20–22], Aharonov-Bohm system [23] etc. were
studied in order to determine the effect of non commuting
coordinates and momenta on observables like the energy.
In particular, various aspects of the Dirac equation in non
commutative plane were examined in a number of papers
[24–30,33]. Among the different relativistic systems on the
non commutative plane, graphene has been studied by a
number of authors. For example, the effect of noncommu-
tativity on Shubinkov-de Haas oscillations [34], Hall effect
[26, 31, 32, 35, 36] has been examined. It has also been
shown that turbostratic graphene layers can be described
as noncommutative (2 + 1) space-time [37]. In this paper
our objective is to further explore the effect of non com-
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mutativity on certain phenomena in graphene and similar
materials. More specifically we shall study the noncom-
mutative analogue of the model considered in ref [7]. In
particular, we shall analyze the effect of non commutative
coordinates and momenta on the spectrum. To be more
specific, we shall examine the system by (1) varying the
magnetic field against a fixed electric field (2) varying the
electric field against a fixed magnetic field. It will be seen
that apart from critical points which have commutative
counterparts, there are some critical points which exist
only in the noncommutative scenario.
(2 + 1) dimensional Dirac equation in crossed
fields. – It is convenient to start with the manifestly co-
variant and time dependent Dirac equation in an external
electromagnetic field obtained according to the minimal
coupling requirement:[
γµ
(
i∂µ − q
c
Aµ
)
−∆c
]
Ψ(x) = 0 . (1)
In 2 space dimensions we have x0 = ct, x1 = x, x2 = y,
γ0 = −iσx, γ0 = iσy and ∂µ = ∂/∂xµ. Aµ = (φ,A) is
the four-potential, A0 = φ the scalar potential, A1 = Ax,
A2 = Ay for the vector potential A = (Ax, Ay) and Ψ(x)
is a two component spinor.
Eq. (1) can be straightforwardly put in the standard
time-dependent form:
i~ ∂0Ψ =
[
σ ·
(
p− q
c
A
)
+
q
c
A0 + σz∆c
]
Ψ. (2)
Assuming Ψ = e−i

~ tψ one derives the eigenvalue equa-
tion Hψ = ψ:[
vFσ ·
(
p− q
c
A
)
+ qφ+ σz∆v
2
F
]
ψ =  ψ. (3)
In ref. [7] the authors obtained the spectrum and wave-
functions of Eq. (3) with a configuration of crossed ex-
ternal electric and magnetic fields. More precisely they
considered a uniform electric field along the +x direction
E = Eiˆ along with a magnetic potential in the (x,y) plane
A = (−B/2 y,B/2x). It was shown [7] that the electric
field modifies the spectrum in such a way that the Landau
levels collapse whenever the electric field exceeds a critical
value.
Dirac equation in non commutative plane. Here we
would like to show that the system is also exactly solv-
able when considered within the realm of non commuta-
tive quantum mechanics. In the noncommutative plane,
the coordinates and momenta satisfy the following com-
mutation relations:
[xˆ, yˆ] = iθ, [pˆx, pˆy] = iη,
[xˆi, pˆj ] = i~
(
1 +
θη
4~2
)
δij , θ, η ∈ R . (4)
The noncommutative Dirac equation equation correspond-
ing to (3) reads 1[
vFσ ·
(
pˆ− q
c
Aˆ
)
+ qφˆ+ σz∆v
2
F
]
ψ =  ψ. (5)
It is now necessary to specify the electromagnetic poten-
tials. Choosing
Aˆ = (−B/2 yˆ, B/2 xˆ) , φˆ = −E xˆ , q = −e, (6)
we obatin from (5)[
vFσx
(
pˆx − e
2c
Byˆ
)
+ vFσy
(
py +
e
2c
Bxˆ
)
+ eExˆ+ σz∆v
2
F
]
ψ =  ψ. (7)
In order to solve the above equation it is now necessary
to express it in terms of the commuting variables. Us-
ing the Seiberg-Witten map the noncommuting variables
(xˆ, yˆ, pˆx, pˆy) can be expressed in terms of the commuting
coordinates and momenta as
xˆ = x− θ˜py, pˆx = px + η˜y,
yˆ = y + θ˜px, pˆy = py − η˜x, θ˜ = θ
2~
, η˜ =
η
2~
.
(8)
Now using (8) in (7) we get[
σx
(
(1− B˜θ˜)px − (B˜ − η˜)y
)
+σy
(
(1− B˜θ˜)py + (B˜ − η˜)x
)
+ E˜(x− θ˜py) + σz∆vF
]
ψ = ˜ψ, (9)
where
B˜ =
eB
2c
, E˜ =
eE
vF
, ˜ =

vF
. (10)
Solution. – Eq. (9) is a coupled differential equation
in terms of commuting coordinates and momenta. In a
first step to solve this equation we now use the transfor-
mation
ψ(x, y) = eiαxyφ(x, y), α =
(B˜ − η˜)
(1− B˜θ˜)2 (11)
on (9) to obtain[
σxpx + σy (py +B0x) + E˜γx− E˜θ˜
1− B˜θ˜ py
+ σz
∆vF
1− B˜θ˜
]
φ =
˜
1− B˜θ˜ φ, (12)
where
B0 =
2(B˜ − η˜)
1− B˜θ˜ , γ =
1− 2B˜θ˜ + η˜θ˜
(1− B˜θ˜)2 . (13)
1Keeping in mind possible applications of the results to graphene
and other Dirac materials, we have replaced c by the Fermi velocity
vF .
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From (12) it can be seen that the interactions are in the
x direction and the motion along the y direction is free.
Therefore we take the spinor ψ(x, y) to be of the form
φ(x, y) = eikyχ(x), (14)
where k denotes the momentum in the y direction. Now
substituting (14) in (12) we obtain
[σxpx +Aσy + ∆0σz − (˜0 − Fx)]χ = 0, (15)
where
˜0 =
˜+ E˜θ˜~k
1− B˜θ˜ , A = ~k+B0x, ∆0 =
∆vF
1− B˜θ˜ , F = E˜γ.
(16)
It is easy to see that dependence ofA on xmakes it difficult
to obtain the solution of (15). To circumvent this problem
we take the spinor χ to be of the form
χ = [σxpx +Aσy + ∆0σz + (ε˜0 − Fx)]G(x). (17)
Then from (15) and (17) we obtain(
J + B0~
iF
~
iF
~ J − B0~
)(
G1
G2
)
= 0, (18)
where the operator J is given by
J = − d
2
dx2
+
B20 − F 2
~2
(x+ x0)
2 +
∆20
~2
− (˜0B0 + ~kF )
2
~2(B20 − F 2)
,
x0 =
˜0F +B0~k
(B20 − F 2)
. (19)
Since the operator J is of the form of a displaced har-
monic oscillator, the matrix differential equation (17) can
be easily solved. Taking G1 to be of the form
G1n ∼ Hn
√√B20 − F 2
~
(x+ x0)
 e−√B20−F22~ (x+x0)2 ,
(20)
the eigenvalues can be found to be
n = −E˜θ˜~kvF − E˜~kvF (1− 2B˜θ˜ + η˜θ˜)
2(B˜ − η˜)
± vF
2(B˜ − η˜)
√
∆20λ+
~λ 32
(1− B˜θ˜)2 (2n),
n = 0, 1, 2, · · · , (21)
where
λ = 4(1− B˜θ˜)2(B˜ − η˜)2 − E˜2(1− 2B˜θ˜ + η˜θ˜)2. (22)
The expression for the spectrum in (21) is however not
suitable for further analysis. Introducing the parameter
β = E˜γ/B0 one may rewrite the above expression in a
more convenient form as
n = −E˜θ˜~kvF − ~kvFβ(1− B˜θ˜) (23)
±vF (1− B˜θ˜)
√
∆20(1− β2) + ~B0(1− β2)3/2(2n).
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Fig. 1: (color Online) We show here the discrete part of the
positive branch of the spectrum (k = 0). We have fixed ωη/Ω =
2, and ωθ/Ω = 8. The full dots are the critical points ωi,
(i = 1, 2, 3, 4 where β → 1), as given in Eq. (26a-d). It is
clearly shown that at these points there is a collapse of the
Landau levels. The different solid lines are for values of the
quantum number N = 0, 1, 2, 3, 4, 5, 6.
Analysis of the spectrum. – In this section we dis-
cuss and analyze the spectrum as given in Eq. (23). With
the definitions:
ω =
B˜
∆
=
eB
2∆c
, Ω =
E˜
2∆
=
eE
2∆vF
,
ωη =
η˜
∆
=
η
2~∆
, ωθ =
1
∆θ˜
=
2~
∆θ
,
(24)
the factor β becomes:
β = Ω
ωθ − 2ω + ωη
(ω − ωη)(ωθ − ω) (25)
and the roots, in the ω variable, of the equation β = ±1
are:
ω1 =
1
2
(
−2Ω + ωη + ωθ −
√
4Ω2 + (ωη − ωθ)2
)
, (26a)
ω2 =
1
2
(
+2Ω + ωη + ωθ −
√
4Ω2 + (ωη − ωθ)2
)
, (26b)
ω3 =
1
2
(
−2Ω + ωη + ωθ +
√
4Ω2 + (ωη − ωθ)2
)
, (26c)
ω4 =
1
2
(
+2Ω + ωη + ωθ +
√
4Ω2 + (ωη − ωθ)2
)
, (26d)
where ω1 and ω3 are solutions of β = −1 while ω2 and ω4
are solutions of β = +1. Interestingly we note that the
above critical values ωi satisfy the following relations:
ω2 − ω1 = 2Ω, ω4 − ω3 = 2Ω. (27)
The above relations imply that even in the commutative
limit η, θ → 0 (ωη → 0, ωθ → ∞) we are left with two
distinct critical points: ω1,2. This means that each pair
p-3
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of critical points, ω1,2 and ω2,3 will coalesce into a sin-
gle critical point only at zero electric field or Ω = 0, c.f.
Eq. (24).
We easily see that:
~B0
∆20
=
(ω − ωη)(ωθ − ω)
Ω′ωθ
, Ω′ =
∆v2F
2~
(28)
and the the energy levels can be written as:
N
∆v2F
= − ~k
∆vF
[
2
Ω
ωθ
+ β
(
1− ω
ωθ
)]
±
√
(1− β2) + (ω − ωη)(ωθ − ω)
Ω′ωθ
(1− β2)3/2N,
where N = 2n with n = 0, 1, 2, . . .
Fig. 1 shows the discrete part of the spectrum (k = 0)
as a function of the quantity ω/Ω ∝ B/E. The first thing
to notice is that there are regions, namely, ω1 < ω < ω2
and ω3 < ω < ω4 where the energy eigenvalues are not real
and so there are no bound states. An important feature
of the spectrum is that in general there are three regions
where bound states can be found: i) ω < ω1; ii) ω2 <
ω < ω3 and iii) ω4 < ω. Another interesting point worth
of notice is that while in region ii) the energy eigenvalue
is an increasing function of the quantum number N , in
region i) and iii) the energy eigenvalue decreases when the
quantum number N increases. From Fig. 1 is is also clear
that in the presence of non-commutativity the system still
shows the collapse of the spectrum at all of the various
critical values of the magnetic field (ω1,...,4) as it is found
in the commutative scenario.
A notable feature is also that in region (i) and (iii), at
each given value of ω (that is of the magnetic field B) there
is only a finite number of energy levels. This is due to the
fact that the factor multiplying the quantity (1−β2)3/2 in
Eq. (29) is negative in such regions while it is positive in
region (iii). Indeed there exist an Nmax(ω) such that for
any N > Nmax the discrete part of the energy eigenvalue
becomes complex:
Nmax(ω) = IntegerPart
[
Ω′ωθ
(ω − ωη)(ωθ − ω)
√
1− β2
]
.
(29)
In addition as the critical points ω1 and ω4 are approached
respectively from below and from above such number of
energy level increases indefinitely: limω→ω−1 Nmax(ω) =
limω→ω+4 Nmax(ω) = +∞. Clearly this happens because
β → 1 when ω approaches ω1 from below or ω4 from above.
Fig. 2 shows this behaviour. We can see at the same time
that as the critical points ω1 and ω4 are approached the
corresponding “width”, in ω−space, of the interval over
which Nmax = const approaches zero.
On the contrary in the region ω2 < ω < ω3 we have
that Nmax = +∞. This can be seen easily by inspection
of Eq. (29): the factor (ω − ωη)(ωθ − ω) > 0 is in this
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Fig. 2: (color Online) We show here the quantity Nmax(ω) as
given in Eq. (29) in the different regions of the spectrum in ω-
space. In the region (ii) ω2 < ω < ω3 we have that Nmax = +∞
for any value of ω.
region and thus N is not bounded and can assume any
integer value.
It may be noted that the phase transition can also be de-
scribed in terms of the electric field. We note for instance
that the authors of ref. [7] offer a treatment of the system
in terms of a dual description in which at a fixed given
value of the magnetic field a critical value of the electric
field is found where the systems exhibits a collapse of the
spectrum. We would like to remark here that in presence
of non commutativity the situation is not symmetric in the
two approaches. Indeed we have seen in the above discus-
sion that fixing the electric field one obtains four critical
values of the magnetic field which are the roots of β = ±1
and this because β is a quadratic function of the magnetic
field (ω). On the contrary β is linear in the electric field
(Ω) and at any fixed value of the magnetic field (ω) there
will only be two critical values of the electric field, Ecrit± ,
(equal in magnitude and with opposite directions) with
β = ±1:
Ecrit± =
(
2∆vF
e
)
Ω±, Ω± = ± (ω − ωη)(ωθ − ω)
(ωθ − 2ω + ωη) .
(30)
One may notice that in the absence of non-commutativity,
θ, η → 0 or ωθ →∞, ωη → 0, or Ω± = ±ω and the critical
electric field is simply related to the magnetic field by :
Ecrit± = ±
(
2∆vF
e
)
ω = ±vF
c
B , (31)
as discussed in ref. [7]. When only momentum non com-
mutativity is present (θ = 0, ωθ →∞) we have:
Ω± = ω − ωη (32)
and the critical electric field is shifted (reduced in magni-
tude) relative to the critical electric field of the commu-
tative case. When only coordinate non commutativity is
p-4
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present (η = 0, ωη = 0) we have:
Ω± =
ω
1− ωωθ−ω
(33)
and the critical electric field is shifted (increased in mag-
nitude) relative to the critical electric field of the com-
mutative case (recall that we assume the natural ordering
ωη  ω  ωθ). Of course in the general case of both
non-commutative parameters non vanishing (θ, η 6= 0) the
net effect will be a combination of the two and given by
Eq. (30), and the reduction or increase of the critical elec-
tric field relative to the commutative scenario will depend
on the relative strenght of the non-commutative parame-
ters η, θ (or ωη, ωθ).
Before concluding we would like to make an impor-
tant remark. While it is clear from the above discussion
and from Fig. 1 and Fig. 2 that the two critical regions,
ω1 < ω < ω2 and ω3 < ω < ω4 share similarities an
important feature is that they have a quite different be-
haviour when taking the commutative limit. Indeed the
second critical region ω3 < ω < ω4 simply disappears
when θ → 0, beacuse in this limit both ω3,4 → ∞, see
Eqs. 26(c,d). On the contrary in the same limit θ → 0
the critical region ω1 < ω < ω2 will stand. Only if we
also take the additional limit η → 0 it will shrink to single
critical point ω1,2 = ∓Ω + ωη/2, see Eqs. 26(a,b) which
is then there also in the commutative limit. We also note
that in the limit θ → 0 the net effect of momentum space
non commutativity, η 6= 0, is simply to shift and split the
single critical point ω = −Ω. Therefore we can say that
the second critical region arises only when there is space
coordinate non commutativity (θ 6= 0). For this reason we
present the limiting form of the spectrum when θ → 0
n|θ=0 = −~kvFβ ±
vF
√
∆20(1− β2) + ~B0(1− β2)3/2(2n) (34)
while in Fig. 3 and Fig. 4 we present respectively the spec-
trum and the number of levels in the (two) critical regions
in this limiting case of θ → 0 (i.e. only momentum non-
commutativity).
Conclusions. – Although the effects of noncommu-
tativity are generally associated with high energy physics,
nevertheless such effects have been investigated within
quantum mechanical models which are relatively easier to
handle. As mentioned earlier the possible role of non-
commutativity in condensed matter physics has also been
studied by many authors. In view of this we have ex-
amined (2 + 1) dimensional non-commutative Dirac equa-
tion in the presence of crossed magnetic and electric fields.
It was shown [7] that in the commutative version of this
system there is a critical electric field Ecrit such that for
E → Ecrit the Landau levels collapse to form a band.
In this paper it has been shown that the same phenom-
ena takes place in the non-commutative version and, as
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Fig. 3: (color Online) We show here the discrete part of the
positive branch of the spectrum (k = 0). We have fixed ωη/Ω =
2, and ωθ/Ω →∞ (θ → 0). The full dots are the critical points
ωi, (i = 1, 2 where β → 1), as given in Eq. (26a-b). It is clearly
shown that at these points there is a collapse of the Landau
levels. The different solid lines are for values of the quantum
number N = 0, 1, 2, 3, 4, 5, 6. The second critical region present
in Fig 1 has moved off to ω →∞.
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Fig. 4: (color Online) We show here the quantity Nmax(ω) as
given in Eq. (29) in the different regions of the spectrum in
ω-space when θ → 0. In the region ω > ω2 we have that
Nmax = +∞ for any value of ω. The second critical region
present in Fig 2 has moved off to ω →∞.
expected, the critical electric field depends on the param-
eters of non-commutativity.
Apart from this another interesting phenomena takes
place. It has been shown that if the electric field is kept
fixed, there are multiple critical magnetic fields Bcrit such
that for B → Bcrit the spectrum shows contraction of Lan-
dau levels. It may be mentioned that these critical fields
coalesce in the limit of θ, η → 0. We have presented ex-
plicitly our results for the limiting case of only momentum
non commutativity (i.e. coordinate space commutativity
turned off, θ = 0, showing that in this limit the second
critical region moves off to ω → ∞ while only the first
critical region survives.
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